In this paper, the time and norm optimal control problems of controlled heat equations with a weight function are considered. For the time optimal problems, we study the following two cases: one is for equations with multi-domain control under null controllability, and the other is for equations under approximate null controllability. We prove the solvability, and obtain the bang-bang principle of the time optimal controls for aforementioned both cases. For the norm optimal control problems, we focus on equations with multi-time and multi-domain control, and present the solvability of these problems.
Introduction
where ρ ∈ L  ( ) is a weight function satisfying  < ρ(x) ≤  for a.e. x ∈ , and  = y  ∈ L  ( ) is a given function. We denote the solution to (.) by y(·, ·; {χ E i χ ω i u i }, y  ).
For simplicity, when E i = (, T) for all i ∈ {, , . . . , K}, we write y(·, ·; {χ ω i u i }, y  ) for y(·, ·; {χ E i χ ω i u i }, y  ); furthermore, when K = , write ω, y(·, ·; χ ω u, y  ) for ω i , y(·, ·; {χ ω i u i }, y  ), respectively. The weight function ρ in equation (.) is meaningful, which stands for the different influence of the control function in different location.
As is well known, optimization is one of the most important problems in control theory and there exist some work on this topic (see, e.g., [-] ). Roughly speaking, the goal of op-timization is to improve a variable in order to maximize a benefit (or minimize a cost). The time and norm optimal control problems are important and interesting branches of optimization. For the deterministic systems, the reader can refer [] to obtain recent results and find open problems. The reader can also refer [-] for controlled heat equations. For the stochastic ones, the norm optimal control problems were considered in [, ] for controlled stochastic ordinary differential equations, and in [] for controlled stochastic heat equations.
In this paper, we shall consider the time and norm optimal control problems of heat equations with a weight function. In Section , we consider two kind time optimal control problems: one is for equations with multi-domain control under null controllability, and the other is for equations under approximate null controllability. We obtain the bang-bang principle of the time optimal controls for these two problems. In Section , we consider the norm optimal problems with multi-time and multi-domain control, and we obtain the solvability of these problems.
Time optimal control problems
In this section, we first state two time optimal control problems, and then study the solvability of these problems, obtain the bang-bang property of the time optimal controls. Throughout this section, for all i ∈ {, , . . . , K}, E i = (, T), and
When K = , for simplicity, we write U ad for U i ad . In the following, we consider the following two time optimal control problems subject to (.):
Problem (TP)
ad for all i ∈ {, , . . . , K} .
Problem (TP)
Here and in what follows, we denote by
and radius r > , and byB(u, r) the closed ball in L  ( ) with center u ∈ L  ( ) and radius r > . In order to obtain the solvability of Problem (TP), we assume that there exists a constant M >  such that
Notice that the hypothesis (.) is reasonable: for a single control system
its optimal time
It is obvious that Problem (TP) is related to null controllable problem of (.), while Problem (TP) is related to approximately controllable problem of (.). It is well known that, when K =  and ρ ≡ , the system (.) is null controllable for the measurable control domain ω (see [] ), even if the characteristic function χ ω can be relaxed by a measurable function β ∈ L  ( ) with  ≤ β ≤  for a.e. x ∈ and β  (x) dx = α| | (see [] 
i.e., the time optimal controls sequence of Problem (TP) has the bang-bang property.
The following lemma is needed in proving Theorem ., which comes from [, ].
such that the solution to the equation
We are now in the position to prove Theorem ..
Proof of Theorem . Since the proof is long, we separate it into two steps.
Step . For fixed i  ∈ {, , . . . , K}, consider the following system:
Hence, there exists a sequence {T n }, such that {T n } is a monotone decreasing sequence with y(·, T n ; {χ ω i u n i }, y  ) =  and
Without loss of generality, we assume that
is a solution to the following equation:
solves the following system:
Moreover, by the definition ofỹ n , it is easy to see thatỹ n solves the following system:
By inductive argument, for each i ∈ {, , . . . , K}, there exist a subsequence {ũ
By the diagram argument, for all i ∈ {, , . . . , K}, we can abstract a subsequence {ũ
On the other hand,ỹ n n is the solution to the following system:
Then there exist a subsequence of {ỹ n n }, still so denoted, andỹ  such that
By the fact thatỹ  ∈ C((, T]; L  ( )), y  is the solution to the following system:
which implies that {u  i } are the desired controls respect to the optimal time T * .
Step . In the following, we shall show that the time optimal control of Problem (TP) has the bang-bang property. Otherwise, we suppose that there exist i  ∈ {, , . . . , K} and a subset E  ⊂ [α, T * -α] with positive measure for some α >  and a positive number ε  , such that
where u * i  is the time optimal control respect to T * . It is obvious that the solution to (.)
and, for each
. We denote by e t the semigroup generated by with the Dirichlet boundary condition.
Considering the following system:
where E  δ is the set {t | t + δ ∈ E  }. By Lemma ., there exist positive constants δ  and
and the solution to (.) satisfies
On the other hand, by (.), there exists a positive number δ  such that, for each positive number δ with δ ≤ δ  , one has
and the corresponding solution to (.) satisfies (.). Set
It is obvious that v i ∈ U i ad for all i ∈ {, , . . . , K}. Consider the following system:
it is easy to check that the solution to above equation satisfies Before stating the results on Problem (TP), we define the following reachable set:
for each T ∈ (, +∞).
Theorem . For any given positive constant ε, Problem (TP) has a solution T * ε , and R(T * ε ) ∩B(, ε) has only one point belonging to the boundary of B(, ε). Moreover, the corresponding time optimal control u * ε is unique and has the bang-bang property.
Proof Since the proof is long, we separate it into the following several steps.
Step . We shall show that there exists at least one time optimal control, i.e., there exists at least one u * ∈ U ad such that y(·, T *
Let {T n } be a monotone decreasing sequence such that T n → T * ε as n → +∞, then there exists a sequence {u n } ⊂ U ad such that y(·, T n ; χ ω u n , y  ) ∈B(, ε). Set
Therefore the solution y n (·, ·; χ ωũn , y  ) to the following system:
satisfies y n (·, t; χ ωũn , y  ) ∈B(, ε) for t ≥ T n . Denote by y * the solution to the following system:
for any δ > . Since y n (·, t; χ ωũ n , y  ) ∈B(, ε) for t ≥ T n , y * (·, t; χ ωũ * , y  ) ∈B(, ε) for all t ≥ T n and n ∈ N. Hence y
Then y * satisfies the following system:
and
By virtue of  δ
, and the arbitrary of δ > , we get
. That proves the claim.
Step . We show that R(T * ε ) ∩B(, ε) has only one point. If so, it is obvious that this point belongs to the boundary of B (, ε) .
In
Step  we get R(T * ε )∩B(, ε) = ∅. By contradiction, we assume that R(T * ε )∩B(, ε) has at least two points, i.e., there exist
Sinceû ∈ U ad , and
For any ξ > , define
It is easy to check that
Hence, ξ can be chosen small enough such that h ξ L  ( ) ≤ γ . Therefore, we can get y(·, T * ε -ξ ; χ ωû , y  ) ∈B(, ε). This contradicts the optimal time T * ε . Subsequently, the set R(T * ε ) ∩B(, ε) has only one point, and this point belongs to the boundary of B(, ε).
Step . The time optimal control u * has the bang-bang property.
Since R(T * ε ) ∩B(, ε) has only one point (denote this point by y
and R(T * ε ) andB(, ε) are two convex sets, by hyperplane separation theorem, there exists
Notice that y ∈ R(T * ε ) can be written by
Then (.) can be written as
For any i ∈ {, , . . . , K}, set
It is obvious that the system is null controllable (see [, ] ). For any given partition K , by standard minimizing sequence method, there exists a solution to the following norm optimal control problem:
We are interested in the partition's existence of the following norm optimal control problem:
We have the following solvability result on Problem (NP).
Theorem . For any K > , there exists at least one solution to Problem (NP).
Proof It is obviously that N * K < ∞. Let { n K } be the partition sequence such that
Then there exists a control sequence {u
Since {t By the aforementioned discussion, this system is null controllable, and for given partition K and map σ , there exists at least a solution to the following norm optimal control problem: 
Let us consider the solvability of the following norm optimal control problem: 
